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Abstract

Sensitivity and uncertainty analysis hold significant importance across a range of applications, spanning from in-
dustrial problems to climate change, financial risk assessment, as well as mathematical and computational models.
These analyses involve identifying influential input parameters inmodels to comprehend their impact on the output.
Sensitivity analysis can be performed locally, examining parameter effects at a fixed value, or globally, evaluating the
model across a range of parameter values. The Sobol method stands as a robust approach for global sensitivity anal-
ysis, employing a Sobol sequence to create samples more uniformly within the input parameter space, thus enabling
efficient exploration of model inputs. This paper aims to introduce a computational implementation in Scilab to
generate the Sobol sequence for utilization in sensitivity analysis through the Sobol method. A test case was applied
to generate Sobol sequences and discuss the obtained results.
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Resumo

A análise de sensibilidade e da incerteza tem uma importância significativa numa série de aplicações, abrangendo
desde problemas industriais até alterações climáticas, avaliação de riscos financeiros, bem comomodelos matemáti-
cos e computacionais. Essas análises envolvem a identificação de parâmetros de entrada influentes nosmodelos para
compreender seu impacto na saída. A análise de sensibilidade pode ser realizada localmente, examinando os efeitos
dos parâmetros em um valor fixo, ou globalmente, avaliando o modelo em uma faixa de valores de parâmetros. O
método de Sobol apresenta uma abordagem robusta para análise de sensibilidade global, empregando uma sequência
de Sobol para criar amostras de forma mais uniforme dentro do espaço de parâmetros de entrada, permitindo assim
a exploração eficiente das entradas do modelo. Este artigo tem como objetivo apresentar uma implementação com-
putacional no Scilab para gerar a sequência e os índices de Sobol para utilização em análise de sensibilidade através
do método Sobol. Um caso de teste foi aplicado para gerar sequências de Sobol e discutir os resultados obtidos.

Palavras-chave
análise de sensibilidade ∙ Método de Sobol ∙ operação não usual ∙ correlação de parâmetros

⭐This article is an extended version of the work presented at the Joint XXVI ENMCNational Meeting on Computational Modeling, XIV ECTM
Meeting on Science and Technology of Materials held in Nova Friburgo – Brazil, from October 25th to 27th, 2023
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1 Introduction
In various applied problems, such as industrial scenarios, climate change, financial risk analysis, physicalmathemat-
ical models, and computational models, input data and parameters shaping the model are considered. To question
the significance of these pieces of information and their effects in such applications, a direct analysis is conducted to
facilitate fundamental decision-making across diverse contexts. In this context, the utilization of sensitivity and un-
certainty analysis emerges to pinpoint themost influential inputs in amodel, allowing for an in-depth understanding
of their effects on the model’s output [1].

Engaging in sensitivity analysis is essential to comprehend the behavior of the studied model concerning its
input parameters. For inverse problems, for instance, a parameter lacking influence on the model’s output should
be excluded from the optimization process [2], as any value assigned to this parameter will yield the same output.
The sensitivity study of the model concerning input parameters can be approached from two perspectives: local
and global sensitivity analysis [3]. According to Ref. [4], one approach complements the other. The local approach
assesses the model’s sensitivity for a fixed parameter value across the entire model domain. The global approach
evaluates sensitivity at a specific point in themodel domain for various parameter values. There are specificmethods
to address both approaches. In this article, we delve into the Sobol method for global sensitivity analysis.

A central point for applying Sobol sensitivity analysis is the use of the Sobol sequence, a pseudo-random sam-
pling approach introduced by Sobol [5]. Unlike random sampling sequences, such as those generated through the
Monte Carlo method, which is used to approximate solutions for problems analytically challenging or impossible to
solve, the Sobol sequence guarantees a more uniform coverage of the sample space, rendering it more efficient and
precise [6]. Through the Sobol sequence, the capability to adequately explore the model input is enhanced, generat-
ing valuable insights for decision-making, including process optimization, identification of influential variables in
models, thereby enabling process enhancement to boost efficiency and production quality, social sciences modeling,
extensively applied across scientific domains as a potent tool for sensitivity analysis in mathematical models [7],
physicochemical models [8], biological models [9], among others.

This article presents the implementation of a portion of the sensitivity analysis module using the Sobol method
for the Inverse Problem and Sensitivity Analysis Library (IPSAL). It encompasses the development of the Sobol
sequence and a test case.

2 Materials andMethods
In this section, an algorithm for generating the Sobol sequence is presented. The process involves converting decimal
numbers into binary numbers, including the fractional parts, and performing the unconventional bitwise operation
bit by bit [10], denoted as u⊕ v, where u and v are vectors containing each digit from the binary decomposition of
the decimal number. The unconventional operation is defined as 1⊕1 = 0, 1⊕0 = 1, 0⊕1 = 1, and 0⊕0 = 0. The
Sobolmethod for sensitivity analysis involves generating a sample space composed of Sobol sequences to evaluate the
model’s sensitivity concerning its inputs. This sample space is derived from the unit hyper-edges of the hypercube
[11]. In this work, model parameters are considered as inputs, and 𝑑 represents the number of input parameters. 𝑑
signifies the dimension of the hypercube, i.e., [0, 1)𝑑, wherein the goal is to create a set of values, the Sobol sequence,
contained within each of the hyper-edges.

2.1 Sobol Sequence
The Sobol sequence is denoted as 𝑆𝑛, where 𝑛 = 1,… , 𝑟, 𝑟 is the total number of sequences, indicating the sequence
position, and each of its components as 𝑆𝑛𝑗 , 𝑗 = 1,… , 𝑑. The set 𝑆𝑛 = (𝑆𝑛1 , … , 𝑆𝑛𝑑 ). Each component of the sequence
satisfies 0 ≤ 𝑆𝑛𝑗 < 1, 𝑗 = 1,… , 𝑑. To calculate 𝑆𝑛𝑗 , the following equation is used:

𝑆𝑛𝑗 = 𝑏𝑛1𝑣𝑗1 ⊕ 𝑏𝑛2𝑣𝑗2 ⊕ 𝑏𝑛3𝑣𝑗3 …𝑏𝑛𝑘𝑣𝑗𝑘 (1)

where 𝑗 = 1,… , 𝑑, and 𝑘, the last term in the unconventional summation in equation (1), depends on the binary
decomposition of the integer 𝑛, i.e., (𝑛)10 = (𝑏𝑛1𝑏𝑛2 …𝑏𝑛𝑘 )2.

In equation (1), the term 𝑣𝑗𝑖 is introduced, representing binary fractions with a denominator of 2𝑖 , i.e.,

𝑣𝑗𝑖 =
𝑚𝑗𝑖
2𝑖 (2)

The terms 𝑣𝑗𝑖 , 𝑗 = 1,… , 𝑑, are referred to as directional numbers, with the variation in 𝑖 depending on the total
number of bits in the decomposition of 𝑛 in base 2. The numbers𝑚𝑗𝑖 , 𝑗 = 1,… , 𝑑, are defined by

𝑚𝑗𝑖 = 2𝑎𝑗1𝑚𝑗𝑖−1 ⊕ 22𝑎𝑗2𝑚𝑗𝑖−2 ⊕⋯⊕ 2𝑞−1𝑎𝑗𝑞−1𝑚𝑗𝑖−(𝑞−1) ⊕ 2𝑞𝑚𝑗𝑖−𝑞 ⊕𝑚𝑗𝑖−𝑞 (3)
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Where 𝑞 = 𝑑 + 1 as presented in Eq. (3), referring to the degree of the polynomial given in Eq. (4). The coefficients
𝑎𝑗 , 𝑗 = 1,… , 𝑑, are obtained from an irreducible polynomial in the field ℤ2 over the set {0, 1} with addition modulo
2 and the standard multiplication, given by

𝑝(𝑥) = 𝑥𝑑+1 + 𝑎1𝑥𝑑 + 𝑎2𝑥𝑑−1 +⋯+ 𝑎𝑑𝑥 + 1 (4)

Thus, the coefficients 𝑎𝑗 take on values of either 1 or 0. It is necessary to initialize the first three terms𝑚𝑗1 ,𝑚𝑗2 , and
𝑚𝑗3 as odd integers smaller than 2𝑖 .

In Figure 1, the workflow diagram of the Sobol sequence generation algorithm is presented. The unconventional
bitwise operation is performed twice but under different circumstances. Initially, when calculating𝑚𝑗 in Eq. (3), the
conversion between binary and integer is performed. Subsequently, when calculating 𝑆𝑛𝑗 in Eq. (1), the operation is
carried out between the decimal and binary parts.
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Figure 1: Flowchart for Sobol Sequence Generation

2.2 Sensitivity Analysis
Sobol sensitivity analysis is a technique used to evaluate the relative importance of input variables in relation to the
output of a model. The order of Sobol sensitivity indices depends on the degree of interaction between the variables.

The most important factors for carrying out the sensitivity analysis are the table of values taken from the Sobol
sequence, the expected value of the function and its average.

The Sobol sensitivity index is given by

𝑆𝑖 =
𝑉(𝑓|𝑥𝑖)
𝑉(𝑓) (5)

where 𝑆𝑖 is the sensitivity of the function with respect to the variable 𝑥𝑖 , 𝑉(𝑓|𝑥𝑖) is the variance conditioned on the
variable 𝑥𝑖 , and 𝑉(𝑓) variance of the function 𝑓. This coefficient is called the first-order coefficient, and tells us how
sensitive the function is to each of the input variables.

2.3 Computer code
The IPSAL library should be downloaded and saved in the user’s working folder. Afterward, the library functions
for the Sobol method should be declared.
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address = g e t _ a b s o l u t e _ f i l e _ p a t h ( ’ sobo l . sce ’ )
exec ( address+ ’ dec ima l2b inar io . s c i ’ ) ;
exec ( address+ ’ b inar io2dec ima l . s c i ’ ) ;
exec ( address+ ’ construirM . s c i ’ ) ;
exec ( address+ ’ polinomio . s c i ’ ) ;
exec ( address+ ’ d i r e cao . s c i ’ ) ;
exec ( address+ ’modelo . s c i ’ ) ;

To generate the Sobol sequence, after calculating the directional numbers (direcao.sci), the following code is
used. 𝑟 input‘s with 𝑑 parameters each will be generated. Each entry in this sequence will be used in the model to
calculate the Sobol indices.

for i =1: r
s t r = dec2bin ( i )
b = zeros ( 1 , length ( s t r ) )
for j =1: length ( s t r )

b ( j ) = s t r t o d ( part ( s t r , j : j ) )
end
for k=1:d

w = dec ima l2b inar io ( 0 . 0 )
for j =1: length ( b )

u = dec ima l2b inar io ( b ( j )*V(k , j ) )
w = b i t x o r (u ,w)

end
S ( i , k ) = b inar io2dec ima l (w)

end
end

In Figure 2, the organizational structure of the code developed in Scilab is illustrated. The results folder will be
responsible for storing all the outcomes obtained with the method.
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Figure 2: Organizational structure of the code.

The Sobol method module in Scilab can be accessed by the Computational Modeling, Inverse Problems and the
Environment repository.
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2.4 Test Case
The function given by

𝑓(x) = 𝑥1 + 𝑥22 + 𝑥2 ⋅ sin(𝑥3) + 𝑥4 (6)

where x = (𝑥1, 𝑥2, 𝑥3, 𝑥4) represents the input data, will be considered.
A Sobol sequence, 𝑆𝑛, 𝑛 = 1,… , 𝑟, will be constructed in the hypercube of dimension 𝑑 = 4, [0, 1)4, to evaluate

the sensitivity of 𝑓(x) (Eq. (6)) with respect to the inputs x = (𝑥1, 𝑥2, 𝑥3, 𝑥4). To achieve this, four irreducible
polynomials of degree 5 will be constructed within ℤ2. The polynomial is given by

𝑝𝑗(x) = 𝑥5 + 𝑎𝑗1𝑥4 + 𝑎𝑗2𝑥3 + 𝑎𝑗3𝑥2 + 𝑎𝑗4𝑥 + 𝑐 (7)

where 𝑗 = 1,… , 4, 𝑖 = 1, … , 3, and each 𝑎𝑗𝑖 is randomly obtained, taking on values of either 0 or 1, ensuring that at
least one 𝑎𝑗𝑖 is equal to 1.

3 Results and Discussion
The test case described in Eq. (7) was used to generate the Sobol sequences. The construction will be to evaluate the
four inputs, 𝑥1, 𝑥2, 𝑥3 and 𝑥4, with 𝑑 = 4. After running the computational code elaborated in Scilab to generate 500
samples, in Table 1 we observe the first ten Sobol sequences obtained. Up to the sequence 4 there is a repetition of
values [1].

Table 1: Distribution of the first ten Sobol sequences 𝑆𝑛.

𝑆𝑛 𝑛 = 200 𝑛 = 500 𝑛 = 1000
𝑥1 𝑥2 𝑥3 𝑥4 𝑥1 𝑥2 𝑥3 𝑥4 𝑥1 𝑥2 𝑥3 𝑥4

𝑆1 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
𝑆2 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
𝑆3 0.25 0.75 0.75 0.25 0.75 0.75 0.75 0.75 0.25 0.75 0.75 0.75
𝑆4 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
𝑆5 0.375 0.875 0.625 0.625 0.625 0.125 0.875 0.875 0.875 0.875 0.625 0.375
𝑆6 0.25 0.75 0.75 0.25 0.75 0.75 0.75 0.75 0.25 0.75 0.75 0.75
𝑆7 0.625 0.625 0.875 0.375 0.875 0.375 0.625 0.625 0.125 0.625 0.875 0.125
𝑆8 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
𝑆9 0.8125 0.8125 0.1875 0.9375 0.4375 0.1875 0.9375 0.9375 0.4375 0.5625 0.6875 0.9375
𝑆10 0.375 0.875 0.625 0.625 0.625 0.125 0.875 0.875 0.875 0.875 0.625 0.375

To observe the distribution of Sobol sequence values for each input, the computational code was run for three
different quantities. First, 𝑛 = 200 was used, as can be seen in Fig. 3. For all inputs an almost uniform distribution
was obtained.
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(a) Input 𝑥1 (b) Input 𝑥2

(c) Input 𝑥3 (d) Input 𝑥4

Figure 3: Distribution of Sobol sequences for each model input for 𝑛 = 200.

Then, 𝑛 = 500 was used, as presented in Fig. 4. The distribution of Sobol sequences remains almost uniform.
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(a) Input 𝑥1 (b) Input 𝑥2

(c) Input 𝑥3 (d) Input 𝑥4

Figure 4: Distribution of Sobol sequences for each model input for 𝑛 = 500.

Finally, 𝑛 = 1, 000 was used, according to Fig. 5. Again, the distribution of Sobol sequences remains almost
uniform.
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(a) Input 𝑥1 (b) Input 𝑥2

(c) Input 𝑥3 (d) Input 𝑥4

Figure 5: Distribution of Sobol sequences for each model input for 𝑛 = 1000.

Figure 6 shows the distribution of the samples obtained in the generation of the Sobol sequence for the input 𝑥1,
for a total of 200, 500 and 1000 sequences. It is possible to observe the evolution of the distribution, which remains
almost uniform.

(a) 𝑛 = 200 (b) 𝑛 = 500 (c) 𝑛 = 1.000

Figure 6: Distribution of Sobol sequences for input 𝑥1 adc 𝑛 = 200, 𝑛 = 500 e 𝑛 = 1.000.

The first order Sobol indices present the sensitivity of themodel with respect to each 𝑥𝑖 , see Table 2. The function
is sensitive to all inputs. The inputs 𝑥1 and 𝑥4 are less influential in the function due to their linear nature, as can be
seen in Eq. (7).
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Table 2: Results of the Sobol method with first order indices.

Sobol Index Results Evaluation
𝑛 = 200 𝑛 = 500 𝑛 = 1000

𝑆1 0.0115 0.0229 0.0018 Less influential
𝑆2 0.6294 0.2616 0.4177 Influential
𝑆3 0.3502 0.6878 0.5595 Influential
𝑆4 0.0089 0.0277 0.0209 Less influential

4 Conclusion
The IPSAL library allowed the application of sensitivity analysis techniques and inverse problems with just a few
commands. It is currently being implemented in Scilab, but will also be translated into other programming lan-
guages. The implementation of Scilab currently allows sensitivity analysis using the Morris method and, as the
study objective of this article, sensitivity analysis using the Sobol method. After generating the Sobol sequence, the
first order indices are used to perform Sobol sensitivity analysis. The test case, Eq. (6), was used to observe the distri-
bution of Sobol sequences for the model inputs, highlighting their almost uniform behavior. The Sobol indices show
that the function is sensitive to all inputs, with inputs with a linear effect having lower values in the index. As future
work, higher order indices will be implemented, which will allow analyzing the correlation between the function’s
inputs.
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